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Abstract. — The goal of this article is to construct explicitly a p-adic family of represen- 
tations (which are dihedral representations), to construct their associated (1^9, r)-niodules 
by writing down explicit matrices for ip and for the action of T, and finally to determine 
which of these are trianguline. 

Resume (Une famille p-adique de ((^, r)-modules diedraux). — L'objet de cet 
article est de construire explicitement une famille p-adique de representations (qui sont 
des representations diedrales), de construire les ((^, r)-modules qui leurs sont associes en 
donnant des matrices explicites pour ip et pour Taction de F, et finalement de determiner 
lesquelles sont triangulines. 



Contents 

Introduction 

1. A family of dihedral representations 

2. Crystalline periods for Lubin-Tate groups. 

3. Interlude : some p-adic analysis 

4. A family of dihedral (y?, r)-modules 

5. Determination of the trianguline points. . . 
References 



Introduction 

A fundamental tool in the theory of p-adic representations is Fontaine's construction in 
|Fon90] of the {(p, r)-modules attached to p-adic representations. These are modules over 
a ring of power series, and are very explicit objects which contain all of the information 
about the representations they are attached to. It is however not always easy to ex- 
tract that information. The work of Cherbonnier-Colmez |CC98j and Kedlaya |Ked05] 
has done much to clarify the situation, and in particular has allowed us to understand 
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the structure of the r)-modules attached to semistable representations as in [Ber02j 
and [BerOSj . Inspired by these constructions and the p-adic Langlands correspondence, 
Colmez has defined in |Col08b] the notion of trianguhne representation, and reinter- 
preted the first main result of |Kis03j as saying that the p-adic representations coming 
from finite slope overconvergent p-adic modular forms are trianguline. 

The goal of this modest article is to construct explicitly a p-adic family of represen- 
tations, which are dihedral representations, to construct their r)-modules by writing 
down explicit matrices for and for the action of F, and finally to determine which of 
these are trianguline. This can be seen as a very first step towards constructing a uni- 
versal family of ((/?, r)-modules corresponding to the universal deformation space (in the 
sense of |Maz89j ) of a mod p representation of Gal(Qp/Qp). Our results extend without 
trouble to potentially abelian representations, but the general case will require new ideas. 

We now give a more precise description of our results. Let X2 : Gal(Qp/Qp2) Z^a 
be the character associated to the Lubin-Tate module over Zp2 for the uniformizer p of 
Qp2. Every element x G Z^a can be written in a unique way as x = uj{x){x) where 
u!{xy^~^ = 1 and (x) G 1 +pZp2. If (? G Gal(Qp/Qp2), then we define uj2{g) = ^^{X2{g)) 
and {g)2 = {X2{g))- Since {g)2 G 1 -|-pZp2, the expression ((7)2 makes sense if s G Zp 
and the representations IndS'' (ci;2(-)'^(-)2) p-adically interpolate the IndS'' (xo) with h G 

Wp2 ^p2 

Z. Our first result is an explicit construction of the {ip, r)-modules associated to these 
representations, and we briefiy recall what these objects are. 

The Robba ring is the ring TZ consisting of power series f{X) = 'Ylike^^kX^ with 
flfc £ Qp and such that f{X) converges on an annulus < \X\p < 1 where Vf depends 
on /. This ring is endowed with a frobenius (f given by !f{f ){X) = /((I + Xy — 1), and 
with an action of T = Gal(Qp(/ipoo)/Qp) given by 7(/)(X) = /((I + X)^(t) - 1) where 
X : r — >■ Zp is the cyclotomic character. A {(p, r)-module over 7?. is a free module of finite 
rank over TZ endowed with a semilinear frobenius such that Mat(y9) G GLd{TZ) and a 
semilinear continuous action of F commuting with (f. By combining the aforementioned 
constructions of Fontaine, Cherbonnier- Colmez and Kedlaya, we get a functor V ^{V) 
which to every p-adic representation associates a [if, F)-module over TZ. This functor gives 
an equivalence of categories between p-adic representations and etale (y?, F)-modules over 
7^. Finally, let Q = ip{X)/X = ((1 + X)p - 1)/X and let Q2 = ^{Q) so that in some 
suitable sense, Q2/Q^ = 1 mod p and the expression {Q2/Q^Y makes sense if u G Zp. 

Theorem A. — If r E Z and n G Zp and s = r + (p + l)u, then the {ip,r)-module 
associated to Indq''^ (072 (■)''(■) |) has a basis in which 
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and 

X(7r(x(7)r(l + 0(X)) \ 

x(7)'^(x(7))"(l + 0(X))J' 

where the 1 + 0(X) are two power series belonging to 1 + XZp|X]. 

The proof of this result (theorem 14.31) is by p-adic interpolation, li h & Z, then the 
representation Indg''^ (xt ) is crystalline and we can compute its {cp, r)-module by using 
the theory of Wach modules of |Ber04] . One then only needs to change the basis so that 
the matrices of and 7 G F become continuous functions of h. 

One can then work concretely with the representation Indq''^ (co'2(-)'"(-)2) and our next 
result (theorem 15. 2p tells us exactly when it is trianguline. A p-adic representation is 
said to be trianguline if its associated (</?, r)-module over TZ is an iterated extension of 
{(f, r)-modules of rank 1, after possibly extending scalars. 

Theorem B. — The representation Indq''^ (ci;2(')' (■)2) ^■^ trianguline if and only if s E Z 
and r = s mod p + 1. 

In particular, by combining theorem 6.3 of |Kis03] and proposition 4.3 of |Col08b] . 

we see that if s ^ Z, then the representation {uj2{-Y {■)^ does not arise from a 

finite slope overconvergent p-adic modular form. 

It is not hard to analytify our constructions and hence to get a two-dimensional rep- 
resentation over Zp{T}. An analogue of theorem A then gives a corresponding family 
of ((/?, r)-modules over Zp{T} and theorem B tells us about the trianguline locus for 
that family. Note that one can twist Indq''^ (co'2(-)''^'(-)2) by a character of Gal(Qp/Qp) 
and this way one obtains a three-dimensional family of representations, sitting inside the 
usually five-dimensional (see §9 of jFM95j ) universal deformation space of a given mod 
p representation. These families are in some sense orthogonal to the ones constructed in 
|BLZ04j . Can one combine them to get an explicit family over some four-dimensional 
space? 

1. A family of dihedral representations 

We start by constructing the representations IndS^ (^2(')^(")2) ^ which shows 
that they are actually defined over Qp. Let X2 '■ Gal(Qp/Qp2) Z^a be the character 
associated to the Lubin-Tate module over Zp2 for the uniformizer p of Qp2 and denote 
by the fixed field of ker(x2)- If o" : Zp2 Zp2 denotes the absolute frobenius, 
then the group Gal(Qp^/Qp) is naturally isomorphic to Z^a x Z/2Z, where the map 
Z/2Z Aut(Z^2) is given hj e ^ a'. 
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Every element x G Z^a can be written in a unique way as x = uj[x) (x) where uj{xy'^^^ = 
1 and {x) e 1 + pZp2. li g E Gal(Qp/Qp2), then we define 1^2(5') = ^^{X2{g)) and 
{9)2 = {X2{g))- li r ^ Z/(]9^ — 1)Z and s G Zp, then we have a character 77^^^ : — > Z^a 
given by X (— > where 

{xy = {1 + {{x) - i)r 

= E(fc)((^)-i)'^i+pZp2. 

If (i G Zp2 is some element such that Zp2 = Zp[\/d], then we have a homomorphism 
Zp^a X Z/2Z ^ GL2(Zp) given by 

{x + yVd,0)^(^y and {x + yVd,l) ^ (^^ '^y^ 

By composing X2 and 77^,3 we get a representation 

p,,, : Gal(Qp/Qp) ^ GL2(Zp), 
whose underlying Zp-module we denote by Tr(s). We also let = Qp ®Zp ^r(s). 
Lemma 1.1. — If si = S2 modp'^, then Tr(si) = Tr{s2) mod p'^"''"'^ . 

Proof. — If si = S2 modp'', then (1 + {{x) - l)Y^ = (1 + {{x) - l))''^ modp''"'"^ for all 
X G Zp2 and therefore the same is true of pr-,si and Pr.sa- D 

Proposition 1.2. — We have Q„2 ®q„ = Indg^'fcua (■)''(■) 2)- 

Proof. — In a suitable basis of Qp2 ®cip this representation is isomorphic to 

^2{-Y {■)2 ® ^i!^2{-Y {■)2)- If s = and r = Omodp+1, then the proposition is ob- 
vious; otherwise, the two characters co'2(-)'^(-)2 and cr(co'2(-)''(")2) are distinct so that 
IndS'' ('^2(')'^(')2) is irreducible by Mackey's criterion and the proposition follows from 
Frobenius reciprocity. □ 



2. Crystalline periods for Lubin-Tate groups 

The character X2 extends to a map X2 '■ Gal(Qp/Qp) Z^a which is no longer a 
character but satisfies the formula X2{gh) = g{X2W)X2{g)- Let Bens and BdR be the 
rings of periods constructed in [Fon94aj and let ^2 ^ ^tris ^e the element tE constructed 
in §9.3 of |Col02j for E = Qp2 and tte = p. 

Proposition 2.1. — The element t2 has the following properties : 

1. if g e Gal(Qp/Qp), then g{t2) = X2{.g)t2; 

2. ip\t2)=pt2; 
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3. t2 E Fil^ \ Fil^ BdR and ^(ta) e Fil° \ Fil^ BdR. 

Proof. — Properties (2) and (3) are proved in §2.4 of |Col08a] . As for property (1), 
we use the notations of §9 of |Col02] . The element is defined as Le{uje) where ue 
is constructed so that giyjE) = [X2(5')](i^£;) and Le is the logarithm of the Lubin-Tate 
group, which implies (1). □ 

In particular, if /i G Z, then the space Wh = Qp2 ■ is a Gal(Qp/Qp)-stable subspace 
of Bcris and hence a two-dimensional representation of Gal(Qp/Qp). 

Lemma 2.2. — We have Qp2 Wh = Indjjx2)- 

Proof. — The lemma is immediate ii h = 0, so let us assume that h ^ 0. The restriction 
of Wh to Gal(Qp/Qp2) contains the characters X2 and cr(x2)^ and since X2 '^{X2)'^, the 
induced representation Indq''^ (X2) is irreducible and the lemma follows from Frobenius 
reciprocity. □ 

Note that in the definition Wh = Qp2 -tg , the action of Gal(Qp/ Qp) on Qp2 is semilinear, 
while in lemma 12.21 above we extend scalars to get Qp2 Wh but there the action 
of Gal(Qp/Qp) on Qp2 is hnear. The following result is well known, see for instance 
proposition 5.16 of [Fon04j and the remark which follows. 

Proposition 2.3. — If h E Z, then Wh is a crystalline representation o/Gal(Qp/Qp) 
and if h ^ —1, then DcrisiWh) = Qp ■ e © Qp ■ / where 



Mat((^) =(^^.h ) ^'^^ FiP Dcris(W^h) = {Qp-e ifl^t^-h, 



^crisiWh) tfi^O, 

Qp-e if 1 ^ i i 
{0} zfl-h^ i. 



Proof. — The dual of Indq^^ {X2) i^ naturally isomorphic to Indq''^ {x2 ^) ^"^^ hence 
= W.h so that D,,i,{Wh) = Hom(iy_;„Beris)^''^^^''/^^^. The "inclusion map" e : 
W-h ~^ Bcris is one such element and the map / = p^(f o e, which is given by / : 
a ■ ^2 ^ p^a{a) ■ ^{t2^) is another one which is linearly independent. The fact that 
^'^(h) = ph gives us the matrix of cp in the basis e, /. The fact that ^2, "^(^2) E Fil° BdR 
imphes that Fil° Deris (W^h) = Deris (W^?t), and the fact that ^2 E Fil^ \ Fil^ BdR implies that 
Fil-'^ B,,UWh) = Qp ■ e and Fil^"'' B^.^Wh) = {0}. □ 

Note that there is a similar result if h ^ 1, but in that case the non-trivial line of the 
filtration is generated by /. 
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3. Interlude : some p-adic analysis 

Before moving on to the construction of (y), r)-modules, we prove a few simple results 
concerning functions belonging to the Robba ring TZe where E is a, finite extension of Qp. 
Recall that if r < 1, then is defined to be the set of functions f{X) = J2kez^kX^ 
with Ofc G -E which converge on the annulus r ^ |X|p < 1 and that TZe = ^r<iTZ^E ■ This 
ring is endowed with a frobenius (p given by ip{f){X) = /((I + Xy — 1), and with an 
action of r = Gal(Qp(/ipoc)/Qp) given by 7(/)(^) = /((I + X)^^^^ - 1). 

The subset £^ of TZe consisting of those functions f{X) for which the sequence {ak{f)} 
is bounded is a subfield of TZe, and we write for the subring of consisting of those 
functions for which \ak{f)\p ^ 1 for all /c's. li E = Qp then we drop the subscript E 
from the notation. These rings were studied by hazard in |Laz62j and more recently by 
Kedlaya in [KedOSj . 

Let Q = !f{X)/X and for n ^ 1, let Qn = 'P"'^^{Q) so that Q„ is the minimal 
polynomial of Cp" ^ 1- If r < 1, we define n{r) to be the smallest integer such that 
ICp" — Mp ^ 1^- We also let t = log(l + X) so that ip(t) = pt and 7(t) = xil)^: and recall 
that we have the Weierstrass product formula t = X ■ Y[^=i Qn/p- Recall also that by an 
argument analogous to that of lemma 1.3.2 of |Ber04] . we have the following result. 

Lemma 3.1. — Every principal ideal ofTi)^ which is stable under T is generated by an 
element of the form Y[n^n{r)iQn/p)°'" f^''" some an 's in Z^o- 

We now prove a few results which are used in the remainder of the paper. 

Lemma 3.2. — The map f{X) ^ ip'^{f{X))/f{X) from 1 + XZp|X] to itself is bijec- 
tive. 

Proof. — The map is injective because if /(X) = 1 + a^X'^ + (9(X^"'"^) with 7^ 0, 
then ip^ifiX)) = 1 + p'^^akX^ + 0{X^+^) so that ^^^(/(X)) = /(X) if and only if 
/(X) = 1. Let us now prove surjectivity If /(X) G 1 + XZp|X], then '^'\f{X)) 1 
as n 00 and the product H^^o f'^^ifi-^)) converges to g{X) G 1 + XZp|X] such that 
^\g{X))/g{X) = /(X). □ 

Corollary 3.3. — 1/7 G F, then there exist two uniquely determined power series 
/^(X) G 1 + XZp[X] and g^{X) G 1 +pXZp|X] such that 

^\f,{X)) _ 7(Q2) V'{9,{X)) _ l{Q2m 



f,iX) Q2 9,iX) Q2/QP ■ 

Proof — We have 7(Q2)/<52 G 1 + XZp|X] and Q2/QP G 1 + so that 



i{Q2/Q 
Q2/Q' 



G 1 + xZp[x] ni + pOl = i+ pXZp[x]. 
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The corollary then follows from lemma [221 and the fact that g-yiX) G 1 + pXZp|X] 
follows from the explicit construction for the inverse of ip'^{-)/{-). □ 

Note that since both f-y{X) and g-y^X) are uniquely determined, we have f-yriiX) = 
/,(X)7(/,(X)) and g,,iX) = g,{X)^{g,{X)) if 7,r/ G V. 

Lemma 3.4. — We have (rl7^B)^'=P"' = E ■ t-\ 

Proof. — If t-^f{X) G {t-^nEy=P~' then /(X) G 7^|'=^ = E. □ 

Let d -.TZe -^nshe the operator defined by df{X) = (1 + X)df{X)/dX. If / G 
FracT^^*^ and if n ^ n{r) and if / has at most a simple pole at C,pn — 1, we define res„,(/) 
to be the value at Qjn — 1 oi f ■ QnjdQn so that res„(/) is the residue of / at Cp" — 1 
multiplied by a suitable constant such that res„((9(5n/<5n) = 1- 

Lemma 3.5. — U f ^ '^^e ^^'^ ^ ^ n{r), then res„(9///) G Z. 

Proof. — If g{X) G TZ^E nonzero at Cp^ — 1 then dg/g has no pole at C,pn — 1 and 
hence TeSn{dg/g) = 0. If f{X) G 7^^' then we can write f{X) = Qn{X)"-g{X) where 
g{X) G 71^^^ is nonzero at (pn — 1 and a is the order of vanishing of f{X) at Cp" — 1 so 
that res„(/) = aieSniQn) + res„(5') = a G Z. □ 



4. A family of dihedral [ip, r)-moduIes 

We now construct the r)-modules over TZ associated to the representations Vr{s). 
Since both Q2/Q^ and g^{X) belong to 1 + pOj, we have e 1 + pOj and 

c/^(X)" G if M G Zp. 

Definition 4-i- — Given j G Z, we define a r)-module D°(m) over Ol by D° = 
■ e © ■ / where 

= Uiq!/'?")" 0) 

and 

" V x{iy{x{i)rMxyg,{xr) ■ 

We then extend scalars to 71 so as to get an etale {ip, r)-module Dj(-u) = 71 ©^t D°(w). 

Lemma 4-2. — -(/lii = M2 modp^, t/ien D^(mi) = D^(-U2) modp'^"'"^. 

Proof. — This follows from the definition above and the fact that both Q2/Q^ and g-yi^X) 
belong to 1 +pO\ so that if ui = mod p^, then {Q^IQ^Y"^ = {Q2/Q^Y'^ mod p^^^ and 
= mod/+^ □ 

Theorem 4.3. — We have I)j{u) = B{Vj{j + {p+l)u)) if u G Zp. 
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Proof. — By lemmas 11.11 and 14.21 it is enough to check the isomorphism for u belonging 
to a p-adically dense subset of Zp, and we do so for those m G (p — 1)Z such that 
h = j + {p+l)u ^ -1, so that Vj{j + {p+ l)u) = Vh{h) = Wh- Using the fact that 
(^2(x) = Q2QX, we find that in the basis (e', /') = ((^(X)-"--'e, we have 

Mat(^) = , J) , 

and using the fact that i{X)/X = x(7)(l + 0(X)) and 7(Q„)/Q„ = 1 + 0(X), we find 

In particular, ZpfX] ■ e' © Zp|X] ■ /' is a Wach module as defined in |Ber04l §111.4]. By 
proposition III.4.2 and theorem III.4.4 of |Ber04] . the {(p, r)-module T)j{u) associated to 
this Wach module corresponds to a crystalline representation V such that in the basis 
(e', /') of Deris (V^) we have 

. . fDens(V^) if^^O, 

Mat((^) = \ and FiP B^,i^{V) = <^ ■ e' if 1 ^ i ^ -/i, 

^ [{0} iil-h^t. 

By proposition 12.31 and the fact that V 1—* Dcris(V") is fully faithful by theorem 5.3.5 of 
[Fon94b] . we have V = Wh and so Dj{u) = B{Vj{j + {p + l)u)). □ 



5. Determination of the trianguline points 

Colmez has defined (see definitions 4.1 and 3.4 of |Col08b] ) a p-adic representation to 
be trianguline if its associated [cp, r)-module over TZ is an iterated extension of F)- 
modules of rank 1, after possibly extending scalars. In this last chapter, we determine 
which of the representations K-(s) are trianguline. The key point is the result below. 

Proposition 5.1. — IfDj{u) is trianguline, then {p + l)u G Z. 

Proof. — By definition 3.4 and proposition 3.1 of [ColOSb] . T)j{u) is trianguline if and 
only if there exist some finite extension E/Qp, a continuous character 6 : ^ and 
a,P E IZe such that 

7(ae + /5/) =5(7)(ae + /?/) if 7 G r and p{ae + ^f) = 5{p){ae + pf). 

Given the formulas of definition 14. H the first condition implies that the ideals of TZe 
generated by a and (3 are each stable under the action of F, and the second condition 
implies that (3 satisfies the equation 
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Let /i(X) G IZe be the power series = H^^i Q^nlv so that we have 

^\^)Q2=VP^ and y,2(/iP+iX^)^=p^+V+iX^ 

If we apply the map to the above three equations, bearing in mind that d o ip^ 

p^ip"^ o d, we get 



P Q2 Q2/Q' 



2 fx dQ2 
1-p if )— = ——. 



2MfiP-''xn d{Q2/Qn 



fiP+^XP Q2/QP 

so that 



Since the ideal of TZe generated by /3 is stable under the action of F, lemma 1371] implies 
that the only possible zeroes of (3 are the Cp" — 1 and the same is true for fi, so that dj3/ (5 
and and d{fiP~^^XP) / fi^^^X^ all belong to I'^TZe since logarithmic derivatives have 
only simple poles. The above equation and lemma [331 imply that there exists c & E such 
that 

We now fix a radius r such that (3 G TZ^e ^^"^ apply the residue maps res„ of ^ for 
n ^ n(r). If n is odd, then fi{X) has no zero nor pole at C,v^ — 1 and hence res„(9/i//i) = 0, 
which implies that res„(c/t) = ieSn{d(3/(3) G Z by lemma [3751 and therefore c G Z since 
res„(l/t) = YeSn{dt/t) = 1. If n is even, then by applying once more res„ to the above 
equation we get res„(9/?//3) — j — {p + l)u = c and since both c and res„(9/5//?) belong 
to Z, we also have {p + l)u G Z. □ 

Theorem 5.2. — The representation Vr{s) is trianguline if and only if s E Z and r = 
s mod p + 1. 

Proof. — If s G Z and r — s = {p + l)k, then 

Qp^ Vris) = Ind§^^ {cu;-^X2) = Ind§;;, (X2) ® ^1' 

where Ui = uj^^^ = uj(x{-))- By proposition 12. 3[ IndS'' (xl) is crystalline and hence 
trianguline by theorem 0.8 of |Col08bj so that Vr{s) is trianguline if s G Z and r = 
s mod p + I. 

Assume now that Vr{s) is trianguline. By combining theorem 14.31 and proposition 
15.11 we see that s G Z so that we have Vr{s) = Indg''^ (a;2~'^X2) Vr{s) is potentially 
crystalline. By theorem 0.8 of |Col08bj . a trianguline p-adic representation is potentially 
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crystalline if and only if its restriction to Gal(Qp/Qp(^pn)) is crystalline for some n 3> 0. 
By restricting K(s) to Gal(Qp/Qp2), we see that the fixed field of a;2~* must lie in Qp2(^pn) 
for some n ^ and hence that r — s is divisible by p + 1. □ 
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